In the single j shell there is a two to one relationship between the spectra of certain even-even and neighbouring odd mass nuclei e.g. the calculated energy levels of J=0 + states in 44 Ti are at twice the energies of corresponding levels in 43 Ti( 43 Sc) with J=j=7/2. Here an approximate extension of the relationship is made by adopting a truncated seniority scheme i.e. for 46 Ti and 45 Sc we get the relationship if we do not allow the seniority v=4 states to mix with the v=0 and v=2 states. Better than that, we get very close to the two to one relationship if seniority v=4 states are admixed perturbatively. In addition, it is shown that the higher isospin states do not contain seniority four admixtures.
I. INTRODUCTION
Single j-shell (j=7/2 in particular) configurations are not only simple but also offer ideal situations for realizing a wide variety of relationships in the otherwise complex spectra.
Although the semi-magic Ca isotopes are quite extensively studied [1] , the existence of such relations for open-shell nuclei is doubtful due to the presence of the proton-neutron interaction. However, it was noted by McCullen, Bayman and Zamick (MBZ) [2] that in a single j shell calculation (j=f 7/2 ) nuclei with open shells of both neutrons and protons (e.g. Scandium and Titanium Isotopes) there were in some cases striking relations in the calculated spectra of even-even nuclei and neighbouring odd-even nuclei. For example, the excitation energies of the J=0 + states in 44 Ti were at twice the energies of J=j states in 43 Sc (or 43 Ti). It was further shown in MBZ technical report that the wavefunctions for the even-even and even-odd nuclei bear a striking visual relationship. The wave functions for
Ti were written as
and those of Sc as
In the above equation D Jα (L p L n ) is the probability amplitude that in a state α with total angular momentum J the protons couple to L p and the neutrons to L n ; a similar definition holds for C (L n ).
For 43 Sc (J=j=7/2) and for 44 Ti (J=0) the relationship is
for a state in 44 Ti which is at twice the excitation energy of the corresponding state in [4, 4] and [6, 6] . In both cases the dimensions are the same i.e. four and four. This is necessary in order to have an exact two to one relationship.
A comparison between theory and experiment was carried out by Zamick and Zeng The wavefunction of a Ti isotope can be written as
where L p is the angular momentum of the two protons and L n that of the neutrons. We
The coefficients can be regarded as parts of a column vector representing the wavefunction
is the probability that in a given state α with angular momentum J, the protons couple to L p and the neutrons to L n .
To obtain the wavefunction we have to diagonalize the Hamiltonian matrix, a typical matrix element of which is
Normally what one tries to do, and this was indeed done by MBZ [2] , is to reduce this to sums over two particle matrix elements of the form (j 2 ) J |V | (j 2 ) J J=0,1,. . . ,7. However, we will not follow that procedure. Rather we will first consider the matrix element of the even even nucleus 44 Ti and we will manipulate the expression so that we can get rid off the co-ordinates of one of the particles and thus establish a relationship with 43 Sc (and its mirror 43 Ti). We will assume charge symmetry V nn = V pp .
The matrix element of the even even 44 Ti is written as
We can break this into a) an interaction between the protons, b) an interaction between the neutrons and c) an interaction between neutrons and protons.
For a) and b) we get
For the interaction between neutrons and protons we get
In the above we included in V only the interaction of the second proton with the neutrons, and compensate by multiplying the matrix element by a factor of two. This is justified by the fact that the wavefunction of the two protons is antisymmetric.
We can use the Racah algebra to couple the second proton to the neutrons. It is convenient to use the unitary Racah coefficients defined by
They are related to the more familiar 6j symbols by
We get
Since L and L ′ are even for two protons in a single j shell the factor
We now specialize to J=0 states of 44 Ti for which L p and L n are equal. From the unitarity
Invoking charge symmetry we find that the proton-proton + neutron-neutron interaction Table. II. 
i.e. the angular momentum of the two protons must equal the angular momentum of the four neutrons. As mentioned before there are two L=2 and L=4 states corresponding to seniorities v=2 and v=4.
Just as in eq.(6) in the previous section, the Hamiltonian matrix is of the form
The last factor is equal to
the proton-neutron interaction in
45 Sc. The Unitary Racah coefficients are both equal to unity because of the zero on the left side of semicolon.
Consider the interaction between the neutrons. At first glance it does not seem possible that the interaction between four neutron could equal that of two protons. But there is the remarkable result discussed in De Shalit and Talmi [4] and in Talmi's more recent work [5] that for a two-body effective interaction in the f 7/2 shell if we limit ourselves to seniority v=0 and v=2 states,
A consequence of this result is that the seniority two states in all the nuclei described by
n configurations have nearly the same spectra. Therefore if we truncate to seniority 0 and seniority 2 states we find
and so the spectrum of 46 Ti will be double that of 45 Sc provided we limit ourselves to v=0 and v=2. This approximation should be quite good for the first few states of the two nuclei. We shall see in the next section that the situation is even better for states of higher isospin -they do not have components in which the four neutrons couple to seniority v=4.
IV. HIGHER ISOSPIN STATES
In the single j shell all but one of the J=0 states in 
Here the one particle cfp (j 5 ) j v ′ = 1j |}j 6 J = 0v = 0 is equal to one as the coupling of 5 particles to the sixth particle to give angular momentum zero and seniority zero state is unique and the other one particle cfp has non zero values only for seniority v=0 and v=2
only. Thus unlike in the previous section there is no necessity for truncation as only seniority v=0 and v=2 components enter, making the relation an exact one. Once again, since J=0 the U-coefficient is equal to δ jI 0 . Hence the 2 particle cfp (j
equal to the one particle cfp (j 4 ) I 0 v j |}j 5 J = jv ′ = 1 . Therefore the non-zero numbers in the column vectors (or wavefunctions) for the T=3 and T=5/2 states are the same and they correspond to the non-zero values of the cfps and they can be analytically calculated [5, 6] as (it should be noted that the cfps can be calculated to within an overall phase), 
There will be no contribution from the proton-proton interaction because of the orthogonality of the neutron wavefunctions < L ′ v = 4|Lv = 4 >= 0. There will be no contribution from the neutron-neutron interaction because < L ′ v = 4|V |Lv = 4 >= 0 i.e. as mentioned before seniority is a good quantum number for particles of one kind in the f 7/2 shell [5] .
The only contribution is from the proton-neutron interation. Using the same techniques as in previous sections we obtain. For L n =4 the v=2 state corresponds to one g boson whilst the v=4 state corresponds to two d bosons [6] . The g boson is at about twice the energy of the d boson and this fact causes the admixture of two d bosons to be comparable to the amount of one g boson in the ground state.
